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Aim or tbis essay 

The present essay aims to analyse the mode! presented by Piero Sraffa in the 
$econd part of his book Production oJ Commodities by Means oJ 
Commodities (1960). There already exist analyses of the first part of the 

. book, dealing wilh single-product industries and circulating capitaI: for 
example, the analyses by P. Newman (1962) and V. Dominedà (1962). But 
to my knowledge tbere has been no mathematical analysis of the second 
part of tne book, 'Multiple-Product Industries and Fixed CapitaI'. Il is 
hoped, therefore, that the present analysis may prove useful, and that not 
solely for the aim, shrewdly identified by Newman (1962), of 'trans[a/ [ing] 
Srafià's work into the more widely used Walrasian dialect ofmathematical 
economics'. My aim is above ali to analyse the logical foundations of 
Sraffa's treatment and to attempt to enunciate hypotheses that make his 
model viable. Such hypotheses are not always stated clearly and explicitly 
by Sraffa, perhaps bccause he makes very limited use of the mathematical 
language and so considers il unnecessary to specify the precise conditions 
under which the relationships of which he writes are capable of having 
sense. 

But One of the advantages of translating arguments expressed in ordinary 
language into the mathematical 'dialect' is that it enforces a rigorous 
analysis of assumptions and 'does not allow one to leave anything to 
'intuition' or to 'evidence'. One may risk being led astray if such evidence is 
unccrtain or deceptively convincing. It goes without saying that, since the 

I Originally published as 'II modello di STaffa per la produzione congiunta di merci a mezzo 
di merci', L'illduSfria, no. l, 1%8, pp. 3-..'l8. 
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'present treatment aims to be m<cinly mathJ;lmatical, references to economie 
content are merely occasionaI. Where hypotheses are formulated, it i5 on the 
explicit understanding thal it is left to economìsts to judge whether they are 
acceptable or noL r 

r 
2 Notation 

Far notational convenience, we shall slightly alter Sraffa's symbols 
according to certain conventions. 

We follow Sraffa in using k to refer to the number (obviously an integer) 
of commodities and of industries in the economic system under 
examination. 

The formulation of the model we are interested in here is based 00 the 
consideration of2k 2 quantities of commodities. which can be conveniently 
indicated as the elements of two square matrices of order k. 

We shall cali A and B these square matrices, their elements being, 
respectively, ai j and bi j (i, j = 1, 2, ... k). In a similar way to Sraffa 
(1960, section 51), ai j indicates the quantity ofthe ith commodity that enters 
as means of production into the jth industry, and bi} indicates the quantity 
ofith commodity produced by thejth industry. Hence, the rows ofmatrices 
A and B correspond to the commodities (understood respectiveJy as means 
of production and as products) and the columns correspond to the 
ìndustries of the economie system. 

We shall indicate by 

the vector the eomponents of which are the priees of individua] com-_ 
modities; therefore the first, second, third, kth component ofthe vector p is 
the price of, respectively, thc first. secondo tbird, kth commodity. We shall 
then indicate by 

(1.1) 

the vector the eomponents of whieh are the quantities of labour used by the 
industries. FinaJly, we cali the rate ofprofit r (cf. SratTa, 1960, sectìon 4) and 
the generai wage rate II!. 

We shall adopt the conventions of matrix algebra as generally used 
nowadays (cf. Manara-Nicola, 1967, Appendix Il): in particular, when we 
indicate a vector x we shal! consider it every time as a row vector, i. e. as·a 
matrix ofthe special order 1 x k; the colurnn vector having the components 
of the vectoe x will be indicated by the symbol X r , i. e. as a matrix of order 
k x 1 obtained from a row veetor, i.e. from a matrix oforder 1 x k, by means 
of transposition. 

/' 
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In particular, we po~nt out that, having for examp!e indicate<! a matrix as 
A and a vector as x, by the notation 

A> O, x>o (1.2) 

we mean to indicate that ali the elements ofthe matrix (and the eomponents 
of the vector) are positive numbers. By the notation 

A ~ O and respectively x ~ O (1.3) 

we mean to indicate that ali the elements of the matrix (and the components 
of the vector) are non-negative numbers, and that at least one element (or 
one component) is a positive number. 

Finally, with the notation 

A ~ O and respectively x ~ O (1.4) 

we mean to indicate that all the elements ofthe matrix (or, respectively, the 
components of the vector) are non-negative numbers, not excluding the 
possibility that they may all be equal to zero. 

With the conventions that we have decided to adopt, the fundamental 
system ofequations ofSraffa's model (cf. Sraffa, 1960, Section 51) is written 
in the single equation 

pA(1 +r)+wq = pB (1.5) 

Clearly, every component ofthe vector which is on the left-hand side of (1,5) 
represents the production cast of a sin'gle industry (a cast including the cast 
of acquiring commodities used as means of production, the reward of 
capitai and wages far labour). The corresponding componeot of the vector 
on the right-hand side of (1.5) represents the revenue of the above­
mentioned industry. 

From the economie meaning of equation (1.5) and of ils symbols we ean 
immediately obtain that, for the matrices, the veetors and the constants r 
and w, the following relationships must be valid: 

A ~ O, B~O ( l.6) 

P ~ O, q~O (1. 7) 

r ~ O, w~O (1.8) 

An observation of which we shalliater need to make use is that it is possi ble 
arbitrarily to reorder the columns of the matrices A and B, making any 
interchange, as long as the same interchange is carried out on the 
components ofthe vector q. Simi'larly, it is possible arbitrarily to reorder the 
rows of matrices A and B, making any interchange (even an interchange 
that is ditTerent from the interchange that may have been carried out in the 

"
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coltimns);a~long as.t.he same interdiallge ls Oirried Qui on the clements òf '. 
the vector p. 

Sìnce the interchange of the columns of a matrix is obtained by right­
hand side multiplication ofthe matrix by a matrix S, which is thc product of 
suitable exchange matrices (see, far example, Manara-Nicola, 1967, 
Appendix VI), and sìnce the interchange ofthe rows ~fa m~trix. is obtained 
by left-hand sìde multiplication of the matrix by a suitable matrix Z - l, 

whìch is the product of suitable exchange matrices, equation (1.5) is 
equivalent to an analogous equatioo written in the forro 

p"'A*(l +r)+wq* = 13*8* (1.5a) 

where we have defined: 

p* = pZ, q*=qS, A* = Z-IAS (1.9) 

It is worthwhile pointing aut explicitly that the situation we are referring to 
here does not occur in the case of single-product industries, considered in 
the first part ofSraffa's book. Indeed, in the matrix considered there, it is not 
possìble to reorder the rows and columns with ìnterchanges which are 
different from one another, owìng to the different meaning that the 
elements of the matrices have in that case. 

3 Coriditions of viability of the price system 

We now propose to examine the conditions under which the fundamental 
equation (1.5)- thc equation which, as wc have pointed out, establishes the 
balance between revenues and expenditures of the various ìndustries of the 
economie system under consideration-is vìable. In fact, it appears from 
SrafIa's analysis that the purpose of the vector equation (1.5) (or of the 
system of equivalent equations given in Sraffa, 1960, section 51) is to 
determine the commodity prices when the other elements of the cquation _. 
are fixed. It is quite obvious that such prices must constitute the 
components of a positive vector, i.e. of a vector satisfying (1.7). Let us 
suppose for the sake of simplìcity that aH the commodities under 
consideration are basic eommodities (we shall come back later to the 
distinetion between basic and non-basic commodities). The simplifying 
hypothesis that we propose here yields the- consequence that equation (1.5) 
should be sufficient to determine the price vector - of course, when certain 
conditions are fulfilled. These eonditions are not enunciated in SrafIa's 
work,and it is UpOl1 them that we shaH dwell at this point. 

With this in' mind, let us write the fundamental equation (1.5) in the 
following form: 

IVq = p[B- A(l +r)] (1.10) 

The analysis that we intend to make has the aìm of ìnvestigating the 
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"ronditmnsthat must be fùll1ìied by matrix [B - AJ,or, more generally, by 
matrix [B - A(l + r)] with 

r;:::O (1.1 i) 

so that the vector equation (1.10) is solvable and gives a positive price vector 
as a result. 

The necessity of precisely indicating the conditions under which Ihis 
situation can come about leads us to the enunciation of certain basic 
hypotheses (which we shalllabel VA - 'unstated assumption' - l, 2, etc.) 
chosen from among the many possible. As concerns their economie 
significance, it has already been mentioned that we inlend lo aceept the 
opinion of economists, who are betler able lo evaluale the soundness of the 
hypotheses themselves and of their economie implications. We shall limit 
ourselves to pointing out that without these hypotheses (or equivalents) the 
model represented by (1.10) would not be 'viable', 

VA I. The overall quantity of every commodity used as a means of 
produetion is Iess than the total quantity of the same commodity produced 
in the whole economic system. 

In the vectar notation we are adopting, defining 

5=[I,I,.,.IJ (1.12) 

hypothesis VA l may be expressed by the following relation: 

[B ­ A) sr > Or (1.13) 

VA 2. There exists at least one positivè vector of priees, p, such that the 
value of the commodities used as means of production by every individuaI 
industry, evaluated at those priees, is smaller than the value ofthe products, 
also evaluated at those same prices. 

This hypothesis may be translated ioto the following formula: 

3f!{p> OJ\p[B - AJ > O} (1.14) 

This hypothesis is analogous to that implicitly ofTered by Leontief (1951) 
for the 'viability' of his mode!. 

We shall now indicate with X the set of column vectors with non-negative 
components, i.e. define 

(1.15) 

Let us then denote with U (r) the set of column vectors belonging to X and 
such that, far every vector XT of U (r), the following relation holds: 

[B - A(I + r) )xT ~ Or (1.16) 
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, In other words, w~ define 

U (r) = {xTIXT€x AlB - A (I +r))xT';::: Or} (l.17) 

It is easy to prove that the set U (r) is a convex polyhedral cone, Since clearly 

SEX (1.18) 
r. .d 

it follows immediately from hypothesis (1.14) that there'c'xists a value of r 
(to be exact, the value r = O) at which the set U (r) is not empty. 

Since the vector function of the rea! variable r given by the expression 

[B-A(l +r)Jxr (1.19) 

is clearly continuous, we can easily deduce from what has been said so far 
thal the set of values of r (belonging to the half-line defined by relation 
(1.11) in correspondence to which the set U (r) is not empty) is an interval 
c10sed on the left-hand side and not empty. Simìlarly, let us denote with P 
the set of vectors having non-negative components; i.e. let us define 

P= {yly ~ O} (1.20) 

We shall cali V (r) tbe set of non-negative vectors such that, for every vector 
y of V (1"), the following relation holds: 

y [B - A (1 + r)] ,;::: O (l.21 ) 

In other words, we define 

V(r) = {ylYEPAy[B-A(1 +1')] ~ O} (1.22) 

It is easy to demonstrate that set V(r) is also a convex polyhedral cane. 
froro hypothesis (1.14) it follows [har 

(1.23) 

Consequently, it follows froro hypothesis (1.13) that, al least for one value­
of r (to be exact, for r = O), the set V (I") ìs nol empty. Since the vector 
funclion of the real variable r given by the expression 

y[B-A(l +r)J (1.24) 

is clearly continuous, it then follows, froiIl what has been said so far, that the 
seI of values of l' (belonging lo the half-hoe defined by the relation (1.11) in 
correspondence to which the sel V (l') is not empty) is an interval closed 00 

the left-hand side. 
Let us now make the following hypothesis: 

UA 3, det [B- AJ 1'0 (1.25) 

This el)sures that, for at least one value 01' r (the value l' = O), the vectors 
forming the rows of the matrix [B - A (1 +l')] are linear!y iodependent. 



4 

.•...'\ 

Since tbe real function f(r) of the varìable r defiried by 

f(r} ~ det [D - ~ (1 + r)] (l.26) 
.. 

is dearly continuous, the set of valu..."'S of r belongiflg io the haif-line defined 
by relation (1.11) and such that 

det [B - A (1 + r)] ;t O (1.27) 

is an interval doscd on the left-hand side, and having r :: Oas its minimum. 
Let us consider the values of r belonging to the half·line defined by 

relation (1.11) for which both sets U (r) and V (r) are not empty and for 
which (1.27) holds. From now on we shall, for convenience, use .f to refer 
to this interval. 

A furtber conrlition for the viability of tbe price system 

Hypotheses UA 1, VA 2 and VA 3, explicitly stated in section 3, are 
necessary if the mode! under consideration is to have solutìons with 
economic meaning. However, they are not yet sufficient. Indeed, if we 
consider the fundamental equation of the model, which for the convenience 
of the reader we shall write again in the form of (1.10), 

wq=p[B-A(l+r)] 

it is evident that the equation itself does not possess as a solution a priee 
veetar which is positive for any veetar q of the quantity of labour absorbed 
by the ind ustries of the system. 

Thc validity of this ìs proved by the following example. Assume that 

k=3 (1.28) 

and eonsider the matrices A and B given in the following manner: 

(1.29) 

B :: ~:: ~.~ ~~ (1.30) 

~'l 3~\·2 

These two matrices satisfy hy,potheses VA l and UA 2, the latter being 
clearly satisfied when we assume a veetor p given by 

'p" = fl 1 l]L , , (1.31) 

It is easy to verify that hypothesis UA 3 is al so satisfied. 
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,ù Ls als~' p~'s'sible toverify that aÙ thè rorri.~6ditie~'~oEsideredin- thé ' 
nwdel unrler examination are basic commodities: lhe reader may check this 
(we ask him to accept it Cor the time being) after examìning our treatment, in 
seetion 6, of the problem of basie commodities, He will then, by tbe criteria 
advanced there, also be able to judge whether a partieular model, with 
matriees such as A and B, also admits the existencé of eommodities that are 
non-basic, in accordanee with the terminology and 'definition given by 
Sraffa (1960, section 58). 

On the other ha'nd, we can verify that with 

r = O, (1.32) 

the veetor of the quantities of labour given by 

q = [l' 73, 1,66, 0'47J (1.33) 

yields the following priee veetor: 

p = [11, l, -0'7J (1.34) 

-that is, a veetor of prices which are nol ali positive. 
From the example just examined we can infer that, for the model to be 

'viable', we must state some further hypothesis which will provide the 
condilions under which, in equation (1.10), given the values of r and w, a 
veetor q of quantities of labour yields a positive veetor of prìces, at least 
under the restrictive hypothesis we have aecepted, i.e. the hypothesis that ali 
eommodities under eonsideration are basie eommodìties. 

In order to state sueh a hypothesis, eonsider a matrix [B - A(l + r)J, 
corresponding to a value of r belonging to the interval defined at the 
end of section 3, Let us cali V'(r) the sei of veetors z given by the formula 

z=p[B-A(l+r)] (1.35) 

when p belongs to the set V(r). The set V'(r) eouJd be called the 'image' al' 
V (r) by the Ifnear application given by the square matro. [B - A( 1+ r) J; it is 
defined by the formula 

V'(r) = {zlz = p[B- A(l +r)J ApE V(r)} (1.36)
 

From the definition that we have given of V' (r) it follows immediately thal
 

q E V'(r) - p = q (A - B (1 + r)J -l > O (1.37)
 

Hence we may state the hypothesis we have in mind in the following way,
 

DA 4. Far any given value of r belonging to the interval ..I,the vector q 
belongs to the set V'(r). In mathematical terms: 

rE.J- q E V' (l') (1.38) 
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-s. 'A case of Don-existence of tbe 'standard system' 

The ìmportance oftne standard product in Sraffa's system is well known: in 
the case of single-product industries (dealt with in the first ha!f of his book) 
it serves as standard for measuring the value of overall product and for 
measuring the wage rate and prices, The standard product seems to have a 
similar importanee in the case of joint production. In this second case, 
however, it seems that also Sraffa realises the potential complications in the 
definition of the standard produet. At least we can interpret in this sense 
Sraffa's assertion (Sraffa, 1960, p. 47) that for the construction of the 
standard product negative multipliers must also be considered. 

Nevertheless, it does not appear that Sraffa has experienced the slightest 
doubt concerning the possibility of imagining the existence of a standard 
product, even though this possibility is not generally verified, but must be 
postulated by means afa suitable hypothesis on the matrices which we have 
called A and B. 

Further to c1arify this statement, we point out that the set of multìplìers 
which give rise to the standard product is defìned by the equation 

(I+R)Ax r =8x r (1.39) 

This vector equation is obtained from (1.5) by setting 

r =·R, w =° (1.40) 

The components of the vector Xr (defìned but for a common multiplicative 
factor) are coefficients of the linear combination of ìndustries which give 
rise to the standard product. The equation (1.39) is a translation of the 
system given by SratTa (1960, section 63). Here we assume that ali the 
commodities considered are basic commodities. It will be explained why 
this hypothesis is nol restrictive, and the reader will be able to translate our 
equation, after the existence of non-basic products has been discussed 
(section 6 below). 

Equation (1.39) may also be written in the following form: 

[B-A(I +R)Jxr= Or (l.41 ) 

In accordance with c1assical theorems of algebra for systems of \inear 
equations, this equation may be satisfied by a vector Xr, other than the null 
vector, only if 

det [8 - A (I + R)] = O (1.42) 

In addition, the economie meaning that Sraffa attributes to the standard 
product makes sense if, and only ìf, the vector xr, associated with a value R 
that satisfies (1.42), is defined as unique but far a multiplicative factor. This 
occurs if the value 

r= R (1.43) 
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IS a simpi.e toot of the algebraic equa.tion 

det [8 - A (l + r)] = O (1.44) 

AH these conditions are verified for Sraffa 's model in the case of single­
product industries, on the basis of well known' theprerns of Perron and 
Frobenius. But, in the case of the model that we are interested in here, these 
conditions may not be fulfilled. This is shown in the foUowing example, 
where it is not even possible to construct the standard product - al least, if 
we remain in the field of real numbers. 

Considcr a model in which 

k=2 (1.45) 

and in which we have 

(1.46)C'l :'1]A ­

1,09 1'144J (1.47)B= [ 1-144 0·99 

lf we define 

l+r=t (1.48) 

then we can easily see that the equation 

det [B - A t] = O (1.49) 

becomes, in this case, 

0·21 t 2 
- 0'4368 t + 0·229636 = O (1.50) 

which does not have any rea! root. 2 

On the olher hand, it is easy lo verify that the matrices A and B, given 
respectively by (1.46) and (1.47), satisfy hypotheses VA l, VA 2 and VA 3. 

Consequently, for Sraffa's propositions to hold, it is necessary lo add the 
following hypothesis. 

VA 5. The algebraic equation, in the unknown r, 

det[B-A(l+r)] =0 (1.51) 

has at least one real and positive root. This roct (or the smallest of the real 

2 The terms 'real number' and 'real solutioD' are usW here in Ihe precise lecbnica! sense or 
rnalhernalics and not in Ihe ralher vague sense adoplcd by SrafTa (1960, section 5Oì. lo this 
section, indeed, so far as I caD understand, SrafTa uses the expression 'real Solulions' lo mean, 
perhaps, 'solutions thal bave economie meaning' or 'solutions Ihat nave a eorrespondenee in 
realìly'. 
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and pOsi6ve roots, ifthere is more than one) is a simple foot ofthealgebraic 
equat-ion (1.51). 

The final dause, which postulates that the root, or the smallest root, must be 
a simple root of equation (1.51), ìs based on the fol1owing considerations, 
From what is said by Sraffa (1960, section 64) it appears that, for reasons 
inherent to the economie meaning of the standard product, he wishes to 
adopt the convention that, if there is more than one positive rool, then the 
smallest one, which we may cal1 p, is to be taken as the root of equation 
(J.51) far the construetion of the standard product. However, if the 
construction of the standard produet is to have sense, it is necessary that the 
corresponding equation (1A1) have only one solution veetor, defined but 
for a multiplicative eonstant. Indeed, the eireumstance that would result if 
(1.41) had at least two linearly independent veetors as solutions would be 
eontrary to Sraffa's intentions. But this could only oeeur if the root p is not a 
simple root far equation (1.51). 

The distinctioD between basic snd non-basic commodities 

As is wetl known, the distinction between basie and non-basic commodities 
is essential to $rafTa's analysis; this is beeause, among other reasons, 
according to his peint of vìew, it is the former that determine the vector of 
prices that satisfies the fundamentaI equation of his mode!. 

The distinetion between basic and non-basic commoditìes is given in 
Sraffa (1960, sections 58 ff.) and will be translated into the mathematical 
notation adopted here. To this end, let us suppose that eertain m 

eommodities of our economie system are non-basico Clearly, 

m < k (1.52) 

and l'or convenience we may assume that. 

k =j+m U> O) (1.53) 

Making lise of the remark stated in seetian 2, we can imagine that we have 
reordered the rows of matrices A and B (and consequentJy aIso the elements 
of the vector p) so that the commodities we are interested in correspond to 
the last m rows of the matrices themselves, 

To make things c!earer, after this reordering, we can consider each of the 
matrices A and B as partitioned into two ather matrices: we srulll cali these 
A', A" and B', B" respeetively. A' and B' are rectangular matrices of order 
j x k, while matriees A" and B" are also rectangular but al' arder m x k. We 
therefore write 

A= [-A'] B- [B"]_ - (1.54)Alt , B" 



12 c. F. MANARA 

By means aI matrices A" and B" we DOW construct a 2m x k matrix D, as 
fo11o\'l5: 

[A"] (1.55)D= B" 
r 

According to the ideas put forward by Sraffa, if the m' commodities 
corresponding to the rows forming matrices A" and B" are non-basic, then 
matrix D is of rank m. ' 

In other words, of the columns of matrix D, onJy m columns are linearly 
independent, and therefore ali the others can be obtained by a linear 
combioation of these. 

Making use once more of the remark stated in section 2, wc can think in 
terms of having reordered the columns of matrix A and matrix B (and 
therefore also the elements of vector q), in suco a way that the m columns 
that form a base for the columns of matrix D are the last columns of such 
matrices. 

Assuming that this reordering has been carried aut, the condition stated 
by Sraffa for the m commodities corresponding to the last m rows of 
matrices A aod B to be ooo-basic can be traoslated in the following way. 

Let us imagine that each ofthe matrices A aod Bis partitioned into four 
sub-matrices, All' Al2 , A2l , A22 and 8 11 , B12 , B21 , B22 , respectively. 
Matrices All' Bil are squareoforderj; matrices A22 ,B22 are also squareof 
order m. We have, therefore, 

(1.56) 

The commodities corresponding to the last m rows of the two matrices A 
and Bare non-basic, according to Sraffa's definition, ifthere exists a matrix 
T of order m x j such that 

(1.57) 

Matrix T is a matrix' obtained from the coefficients of the !inear 
combination by means of which the first j columns of matrices A" and B" 
(obviously after the reordering we have referred to) are ex'pressed by means 
of the last m columns. 

We may therefore construct the matrix M, square and of order k, in the 
following way: 

(1.58) 

where I j and 1m are the identity matrices, of orders j and m respectively. 

v 
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On the basìs Df (L57) we easily see that the matrices 

A=AM, (1.59) 

have the following form: 

-A = [A ll-­
O 

IAl2 J1-­ , 
1 An 

(1.60) 

where, in particular, 

A ll = Ali -A 12 T, (L61) 

We may now separate in vector q the firstj components from the last m. We 
may write, therefore, 

(1.62) 

where, as already said, ql bas j components and q2 has m components, 
Let us now put 

li = qM (1.63) 

It then follows that 

li = [q l lq2], (1.64) 

where clearly 

q = ql _ q2 T (1.65) 

Similarly, we may consider tbe vector of prices p as partitioned into two 
sub-vectors of j and m components respectively, and we may write, on 
analogy with (1.62), 

(1.66) 

We may finally imagine tbat we have multiplied both sides of tbe 
fundamental equation of tbe model 

pA(l +r)+wq = pB (1.67) 

on the Tigbt by matTix M. 
Having dane this, and after rnultiplication on the rigbt by matrix M, 

equation (1.67) may be replaced by ,the system of the following two 
equations: 

pl Ali (1 + r) + wljl = pl B II (1.68) 

{ 
pl A 12 (1 +r)+p2 A 22 (l +r)+ wq 2 = pl BII +p2 8 22 (1.69) 

The vector equation (1.69) is a translation ~fthe systern ofequations given 
by STaffa (1960, section 62). We should poiot aut, however, that this system 

v 
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is not to be .c()nsider~ equ?valent to the system which translates thc 
fundamental veçtcr cquation (1.67)-at !east, noI if we wlsh to preserve for 
the term 'equivalent' the meaning that it has in tile theory of thc systems of 
linear equations. We need only point out that the system which translates 
equatìon (1.68) has a dìfferent number of equatìons and unknowns (to be 
exact, fewer) from the system that translates eq~atiq~ (1.(i9). 

Strictly speaking, only the system of the pair ofequatìons (1.68) and (1.69) 
is equivalent to equation (1.67), in the scnse that every solution ofthe pair of 
equations (1.68) and (1.69) supplies a solutioo to equation (1.67) and vice 
versa. However, it should be pointed out that the pair of equations (1.68) 
and (1.69)can besolved in the order in which they have becn written; indeed, 
equation (1.68) involves only vector pl, the only components of which are 
the prices ofthe basiccommodities. Once such prices have been determined, 
it is also possible to solve equation (1.69), determining the prices ofthe other 
commodities - when, of course, thc conditions allowing such solutions are 
satisfied. AH remarks that we have made concerning the fundamental 
equation (1.67), when ali the products are basie products, may now be made 
about equation (1.68).lndeed, noI any choiee ofvector li I leads to a solution 
that includes ali positive components of lhe priee veetor pl. On this 
particular point we should have to state hypotheses simiìar to UA 4 (sceend 
of section 4). However, it may final1y be pointed aut that, in the case of the 
vector equation (1.68), the vector lil which appears there and is given by 
(1.65) may not have positive components. Now, far the purpose of 
constructing a standard product and in order to highlight the fact that some 
commodities may not be basic, Sraffa gives an interpretation ofthe fact that 
a linear combination of industries may yield coefficients that are not ali 
positive (see the development of this argument in Sraffa, 1960, section 56). 
But it seems that he has not thought it necessary to interpret negative 
quantities of labour absorbed by industries. However, such a case needs­
to be justified or interpreted, and we willingiy leave this task to the 
econornists. 

The construction of the standard product in the case of equation (1.68) 
must be carried out following the procedure examined in section 5. 
Consequently the possibility of such a construetion musI be ensured by a 
hypothesis similar to UA 5, since it is not-ensured by hypotheses UA I, UA 
2, UA 3 and UA 4 alone. 
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